Abstract. In the present paper, we show that the Morimoto Conjecture on the super additivity of the tunnel numbers of knots in S 3 is true for knots K 1 , K 2 in S 3 in which each K i is either a tunnel number one or m-small, i = 1, 2. This extends two known results by Morimoto.
there exist infinitely many pairs of knots K 1 , K 2 ⊂ S 3 satisfying t(K 1 #K 2 ) = t(K 1 ) + t(K 2 ) + 1, so the bound is best possible. Refer to the survey paper [8] for more details. It is an interesting question to ask as to what kinds of knots have the super additivity of tunnel numbers.
A Heegaard splitting V ∪ S W of E(K) is primitive if there exists a spanning annulus A in V with ∂A = α ∪ γ, α ⊂ ∂ − V = ∂E(K) is a meridian of K and γ ⊂ S meets an essential disk of W in one point. A knot K in S 3 is μ-primitive if E(K) has a minimal primitive Heegaard splitting.
The results mentioned above lead to the following conjecture by Morimoto ([12] or [8] 
A surface F properly embedded in E(K) is meridional if ∂F = ∅ and each component of ∂F is a meridian of K. A knot K is meridionally small or m-small if there is no meridional essential surface in E(K). A knot K is small if E(K)
contains no closed essential surface.
Morimoto later ( [12] ) showed that Conjecture 1.1 is true for two prime knots in S 3 which are m-small: Kobayashi-Rieck ( [3] ) further generalized Theorem 1.2 to m-small knots in general 3-manifolds. However, Kobayashi-Rieck ( [4, 5] ) recently showed that in S 3 there exist counterexamples to the above conjecture. Note that their counterexamples are non-prime knots, and tunnel number one knots in S 3 are prime. Moriah ([8] ) proposed that Conjecture 1.1 be changed to:
In the present paper, we show that Conjecture 1.4 is true for knots K 1 , K 2 in which each K i is either tunnel number one or m-small, i = 1, 2: 
The paper is organized as follows. In section 2, we first give some necessary preliminaries and review some known facts; then we prove a lemma which will be used in our proof of the main result. In section 3, we prove Theorem 1.6.
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Preliminaries
Let F be either a properly embedded connected surface in a 3-manifold M or a sub-surface of ∂M . We say F is compressible in M if there is an essential curve in F which bounds a disk in M or if F is a 2-sphere which bounds a 3-ball in M . Otherwise, F is incompressible in M . F is bicompressible in M if F is separating and F is compressible in the two complementary components. M is said to be ∂-irreducible if ∂M is incompressible. F is an essential surface in M if F is an incompressible surface in M and not parallel to a sub-surface of ∂M .
A compression body is a 3-manifold V obtained from a connected closed orientable surface S by attaching some 2-handles to S × {0} ⊂ S × I and capping off any resulting 2-sphere boundary components. We denote S × {1} by ∂ + V and
An incompressible annulus properly embedded in a compression body V is called spanning if one of its two boundary components is in ∂ − V and the other is in ∂ + V .
A Heegaard splitting of a 3-manifold M is a decomposition V ∪ S W of M in which V and W are compression bodies such that 
. It is a well-known theorem (called Haken's Lemma; see [1] ) that any Heegaard splitting of a reducible 3-manifold is reducible.
It was shown by Scharlemann and Thompson [18] that any irreducible and ∂-irreducible Heegaard splitting M = V ∪ S W can be broken up into a series of strongly irreducible Heegaard splittings by rearranging the order of adding the 1-and 2-handles as
is not a product, and none of the compression body
There is a natural way to get a Heegaard splitting for M from an untelescoping which is called an amalgamation of the generalized Heegaard splitting ( [16] ).
Lemma 2.1 ([10]). Let V be a non-trivial compression body and A be a collection of essential annuli properly embedded in V . Then there is an essential disk
The following lemma is a well-known fact (see [17] ). 
Lemma 2.2. Let F be an incompressible surface properly embedded in a compression body V . Then V − F consists of compression bodies.

Lemma 2.3 ([20]). Let V be a non-trivial compression body and A be a collection of essential annuli properly embedded in
V . If U is a component of V − A with U ∩ ∂ − V = ∅, then χ(U ∩ ∂ − V ) ≥ χ(U ∩ ∂ + V ).
Lemma 2.4 ([17]). Let
The next lemma plays an essential role in the proof of the main result. Suppose the knot K is non-trivial in S 3 in the following. 3. The proof of Theorem 1.6
Lemma 2.6. Suppose Q is a connected bicompressible meridional surface in E(K), and Q cuts E(K) into two compression bodies
Let K 1 , K 2 be two knots in S 3 , and let K = K 1 #K 2 . Let A be the decomposing annulus in E(K) which splits E(K) into E(K 1 ) and E(K 2 ). Let A be a properly embedded incompressible annulus in E(K 1 ) with ∂A ⊂ A. Then ∂A divides ∂E(K 1 ) into two annuli, A 1 and A 2 . Say A 1 ⊂ A. We say that A is narrow (respectively, wide) in E(K 1 ) if A is parallel to A 1 (respectively, A 2 ) in E(K 1 ).
Proof of Theorem 1.6. Let V ∪ S W be a minimal genus Heegaard splitting of E(K) with ∂ − V = ∂E(K). Obviously A is essential in E(K) and g(S) = t(K) + 1. We divide it into two cases:
Case 1. The Heegaard splitting V ∪ S W is strongly irreducible.
In this case, by Lemma 2.4, we may assume that S ∩ A consists of essential loops in both S and A and that |S ∩ A| is minimal. Let
Then each component of S i is a meridional surface in E(K i ), none of which is a disk. A∩V (respectively, A∩W ) consists of essential annuli in V (respectively, W ). Let C 1 (respectively, C 2 ) be the manifolds obtained by cutting V (respectively, W ) open along V ∩ A (respectively, W ∩ A). By Lemma 2.2, each component of C 1 and C 2 is a compression body.
By Lemma 2.1, S 1 or S 2 is compressible in both V and W . Since V ∪ S W is strongly irreducible, only one component of S 1 or S 2 , say P , is compressible in both V and W , and all the other components are incompressible in both V and W . We may assume that P ⊂ S 1 . For i = 1, 2, let U i be the component of C i which contains P ; then P is compressible in both U 1 and U 2 . By maximally compressing P in U i , we obtain the surface, denoted by P i , each component of which is a meridional surface (not a disk) in E(K 1 ). Since V ∪ S W is strongly irreducible, every component of P i is incompressible in E(K 1 ) by Lemma 2.5. Then the following two claims are true:
If χ(P ) ≥ −1, then P is either a disk, an annulus, a twice-punctured disk, or a once-punctured torus, which implies that a component of ∂P bounds a disk in E(K 1 ) and A is compressible in E(K 1 ), a contradiction. So χ(P ) ≤ −2. If one component of S 1 is essential in E(K 1 ), then t(K 1 ) = 1 and χ(S 1 ) < χ(P ) ≤ −2 = −2t(K 1 ); Claim 1 is true. If one component of P 1 or P 2 is essential in E(K 1 ), then by assumption t(K 1 ) = 1 and χ(S 1 ) ≤ χ(P ) < −2 = −2t(K 1 ); Claim 1 is true again. Thus we may assume that all incompressible components of S 1 , P 1 and P 2 are boundary-parallel annuli in E(K 1 ). It is easy to see that
Heegaard splitting of E(K 1 ) and K 1 is μ-primitive. Hence Claim 1 is true.
Assume that every component of S 2 is a boundary-parallel annulus in E(K 2 ). Note that the manifolds obtained by cutting E(K 2 ) open along S 2 consist of compression bodies. Precisely, they are solid tori, since each positive boundary is a torus and the negative boundary is empty. Therefore, E(K 2 ) is a solid torus and K 2 is a trivial knot, a contradiction. So at least one component of S 2 is essential in E(K 2 ), the essential component is not an annulus and t(K 2 ) = 1 by assumption. Since any closed surface in S 3 is separating, χ(S 2 ) is even and χ(S 2 ) ≤ −2 ≤ −2t(K 2 ). Hence Claim 2 is true.
By Claim 1 and Claim 2, 2t(
We complete the proof of Case 1.
Case 2. The Heegaard splitting V ∪ S W is weakly reducible.
Since E(K) is irreducible, by Haken's lemma, V ∪ S W is irreducible. Then by Scharlemann-Thompson's theorem in [18] , there exists an untelescoping
is a strongly irreducible Heegaard splitting and each
Since both F and A are incompressible in E(K), we may assume that F ∩ A consists of essential loops in both F and A. Since each V i ∪ S i W i is strongly irreducible, by Lemma 2.4, we may further assume S ∩ A consists of essential loops in both S and A, and
Then by Lemma 2.3, for i = 1, 2, the following inequality holds:
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. Hence Claim 3 is true. 
and P 0 satisfies the conditions of Lemma 2.6 in E(K 1 ). By Lemma 2.6, E(K 1 ) has a primitive Heegaard splitting 
